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Smoothing thin plate splines, a fitting technique based on a rigorous roughness penalty approach, have been

recently investigated as apromising tool for bivariate interpolation of aerodynamic data. In this paper, this technique

is implemented and extended to multivariate fitting. In particular, the method is applied for estimating the

aerodynamic polars of well-known two-dimensional symmetrical and nonsymmetrical airfoils as functions of some

geometric parameters describing the airfoil shape and a further variable defining the flow regime (either theMach or

the Reynolds number). Therefore, the simultaneous influence of five independent variables on three responses (lift,

drag, and pitching moment coefficients) is investigated. To this purpose, a large database is generated via numerical

simulations (using a validated flow solver) containing all information required to build a reliable response surface.

Then, the model is built and its performance validated by performing queries on complete aerodynamic polars at

various flow regime conditions of a series of airfoils not included into the database. Results show a very good

matching between predicted and calculated curves, thus demonstrating the remarkable predictive capability of the

implemented tool.

Nomenclature

a = vector of coefficients in thin plate splines
CD = drag coefficient
CL = lift coefficient
CM = pitching moment coefficient
d = dimension of the independent variables vector
f�x� = systematic component of the functional

relationship between y and x
Jm�f� = functional in function f
M = Mach number
m = order of derivative used to measure roughness
n = number of observations
R = determination coefficient
Re = Reynolds number
Smd�f� = functional in function f
x = vector of independent variables, independent

parameters, predictors
y = vector of observed values, or output variables
ŷ = estimated response vector
y1v; . . . y6v = geometric independent variables for the volume

distribution curve
xmaxcamb = chordwise location of maximum camber
ymaxcamb = maximum camber value
� = smoothing parameter in thin plate splines, angle

of attack
�md = function of the Euclidean distance in the

independent variable space
� = integer number
� = polynomial in Rd with degree less than m
� = vector of weights in thin plate splines

I. Introduction and Background

R ELIABLE fitting of aerodynamic data, such as airfoil
coefficients derived from either experiments or simulations, is

still one of the biggest issues in aeronautics. In fact, the outcome of
test campaigns often consists in large databases including complex
dependencies between responses and multiple independent
variables, thus claiming for robust multivariate fitting techniques in
order for the dataset to be profitably used for aerodynamic data
modeling. Mathematically speaking, the problem above can be
viewed as finding the “best” approximation of an input–output
functionwhichmaps from the available sample data into the response
space.

There have been many ways in which researchers have dealt with
such a problem.

Parametric fitting, for example, involves determination of a linear
or nonlinear response model (often referred to as a response surface)
using standard regression techniques [1–3] and have been suc-
cessfully applied, for instance in [4], to multivariate fitting of
aerodynamic characteristics of a complex aircraft configuration.
Furthermore, in [5,6] a linear parametricmodelwas builtwith the aim
of estimating the drag polars at different attitudes of a joined wing
concept aircraft, where the parametric model was eventually used to
provide reliable data to the flightmechanics tools. The common basis
for constructing a parametric model is that some a priori knowledge
of the phenomenon being investigated is mandatory to get reliable
predictions. Therefore, in most cases the experience of the aerody-
namicist plays a dominant role in model building: while this is
fundamental to preserve adherence of the model to its physical
background, it could provide a somewhat forced and undesirable bias
in themodel itself. Moreover, when highlymultivariate problems are
tackled, i.e., featuring a large number of independent variables and
multiple response functions, an effective method to bring an a priori
knowledge into a viable model becomes very difficult to be
identified.

On the other hand, conventional nonparametric fitting deals with
the problem of finding a response surface without making general
assumptions with respect to its analytical form [7–9]. The basic
hypothesis relies in the fact that the response surface is assumed to
obey to a few and rather general smoothness conditions. The very
attractive feature of this approach is that data to be fitted is not forced
into a prescribed mathematical structure in order for the unknown
model parameters to be determined, but they are left free to build
the statistical model on their own without being trapped into a
predefined, constrained formulation. Some relevant examples of
nonparametric methods for data fitting or metamodel construction in
aeronautics have already been documented, which include multi-
variate adaptive regression splines [10,11], neural networks [12–14],
and radial basis functions [15–17], each of which has some
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advantages and drawbacks [18]. Other more recently developed
nonparametric techniques, whose application to aeronautics is far
less diffused, encompass support vector regression [19–21], regres-
sion Kriging [22–25], and moving least-squares or local polynomial
regression [26–30].

In a previous paper [31], the authors proposed an application to
aerodynamic data fitting based on a “smoothing thin plate spline”
technique, a nonparametric methodology which proved to be robust
and reliable for a bivariate problem, i.e., the fitting of aerodynamic
data of a sample three-dimensional-shaped body over awide range of
two attitude angles (pitch and yaw). In that work, the method
demonstrated its superiority with respect to all the cited concurrent
strategies, especially when available data was sparse, as resulted
from a cross-validation analysis. The reader is referred to [31] for a
complete treatment of the smoothing thin plate splines technique,
including comparisonwith concurrent parametric and nonparametric
fitting methods.

In the present paper, a true multivariate problem is investigated
using the smoothing thin plate splines approach, where the influence
of more than two independent variables is considered at the same
time,with the aim of showing howwell themethodsworkwhenmore
complex predictive models are to be constructed. Specifically, an
application of the smoothing thin plate spline technique for deter-
mining the aerodynamic polars of 2-D airfoils as functions of some
geometric parameters describing the shape of the airfoils and a
further variable defining the flow regime will be illustrated. This
example has been selected because of its general significance in
aeronautics, as well as because a large amount of airfoil data can be
resumed from the open literature or can be generated throughout
numerical analyses by almost any researcher, therefore encompass-
ing the so-called curse of dimensionality problem [3]. In fact, the
amount of data needed to build amultivariatemodel is an exponential
function of the number of independent dimensions to be accounted
for, i.e., the number of independent variables. Since almost an
uncountable number of airfoil shapes and related aerodynamic
coefficients are easily producible, this seems the best trial to verify
the goodness of the proposed approach in a multidimensional
domain.

It is worth underlying that the purpose here is not to compare the
results of the various fitting approaches (to this respect, the reader is
referred to [31] for a detailed discussion), rather to highlight the
capabilities of the method to deal with a complex interpolating
problem without producing under or overfitting, and to demonstrate
its smoothing and adaptive features which allow to produce very
reliable responses.

II. Brief Review of Smoothing Thin Plate Splines

Thin plate splines (TPS) have been known for quite a long time in
the field of applied mathematics, where they were originally
introduced for geometric design: specifically, the name thin plate
spline refers to a physical analogy involving the bending of a thin
sheet of metal. What is still unexplored is their application to the
fitting of multivariate aerodynamic data, which is the subject of the
present work. In particular, we will refer to what is often called a
smoothing thin plate spline (STPS) in the works by Wahba [32] and
Green and Silverman [9].

The STPS approach formultivariate regression is based on the idea
of penalizing a response surface based on its roughness: basically,
this method originates from the relaxation of some of the assump-
tions needed when building a model with the classical polynomial
regression techniques. Specifically, when searching for an
approximation function ŷ � f�x� with a least-squares approach,
only the surface fitting to the observed data is to be maximized, and
usually no additional constraint is imposed to f. Obviously, the least-
squares sum goes down to zero if f exactly interpolates the data;
however, many different surfaces exist passing through the observed
values and, even if some generic smoothness conditions are imposed
to f to make it continuous up to a specified derivative order, the
resulting surface may not be satisfactory, being potentially subject to
excessive fluctuations. Actually, a good data fitting should not be the

unique goal in the identification of a response model: a further and
often conflicting objective should be to obtain a surface free from
undesired fluctuating behavior (absence of distortions).

This rather qualitative notion is actually quantified through the
“roughness penalty approach.”Hence, the problem of identifying an
adequate model of the observed data may be stated so as to clearly
highlight the need for a tradeoff between the above-mentioned
objectives of minimization of residual errors and abatement of the
local fluctuations. Specifically, what acts like a balancing factor
between the two objectives in the TPS formulation is a smoothing
parameter �.

The main result of the roughness penalty approach is that natural
thin plate splines can be demonstrated to be the unique solutions to
the two-objective data fitting problem described above, and this
makes the identification of the response surface a fully deterministic
problem, where nothing needs to be imposed by the analyst except
for the smoothing parameter, which on the other hand may be
automatically determined.

For mathematical details on the univariate STPS formulation the
reader is referred to [31].

III. Multivariate STPS

The STPS approach can be extended quite in straightforward way
to functions of more than one or two variables [9]. Consider for
instance the problem of finding out a proper, sufficiently smooth
estimator f to build up a model of the form yi � f�xi� � error
i� 1; . . . ; n for n observations yi, where xi is a d-dimensional
vector.

As for the two-dimensional case, f turns out to be the solution of a
minimization problem. Specifically, the function to beminimized is a
penalized sum of squares:

Smd�f� �
Xn
i�1
fyi � f�xi�g2 � �Jm�f� (1)

where � > 0 is a smoothing parameter and Jm�f� is a functional
quantifying the smoothness of f, beingm the order of the derivative
(higher than the second) used to measure roughness.

The expression for Jm�f� in Eq. (1), that indicates a penalty in d
dimensions based on the mth derivative, is:

Jm�f� �
Z

. . .

Z
Rd

X m!

�1! . . . �d!

�
@mf

@x�11 . . . @x�dd

�
2

dx1 . . . dxd (2)

where the sumwithin the integral is extended over all the nonnegative
integers �1; �2; . . . ; �d such that �1 � �2 � . . .� �d �m. According
to this definition, the only surfaces for which Jm�f� � 0 are
polynomials of degree less than m. Moreover, it is necessary to
impose the condition 2m> d, so that roughness functional Jm based
on integrated first derivatives can be used only for one-dimensional
problems, those based on integrated second derivatives only for three
or less dimensions, and so on. The reason for that is expressed
mathematically in terms of Beppo Levi and Sobolev spaces [33].

The optimization problem formulated in Eq. (1) can be faced by
considering a peculiar, finite dimensional class of functions f: let us
define a function �md

�md�r� �
�
�r2m�d log r if d is even

�r2m�d if d is odd
(3)

where the constant of proportionality � has the following expression:
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2�m � 1�!�1 if d is odd

(4)
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Finally, we define

M� m� d � 1

d

� �

andwe focus our attention on a class f�j; j� 1; 2; . . . ;Mg of linearly
independent polynomials spanning the M-dimensional space of
polynomials in Rd with degree less than m. A function f on Rd is
called a natural thin plate spline of order m if it has the form:

f�x� �
Xn
i�1

�i�md�kx � xik� �
XM
j�1

aj�j�x� (5)

with the coefficient vector � satisfying the condition T�� 0, being
Tij � �i�xj�.

Analogously to the two-dimensional case, it can be demonstrated
that, provided that the pointsxi are distinct and sufficiently dispersed
to determine a unique least-squares polynomial surface of degree
m � 1, and under the condition 2m> d, the function f that
minimizes Jm�f� under the constraint f�xi� � yi is a natural thin
plate spline of order m.

It follows that the function that minimizes Smd is a natural thin
plate spline of order m, with coefficient vectors a and � uniquely
identified by:

E� �I TT

T 0

� �
�
a

� �
� y

0

� �
(6)

being the generic E matrix element Eij � �md�kxi � xjk�.
The identification of the optimal smoothing parameter value � for

an assigned observation set can be devolved to automatic procedures,
the most common of them being based on a generalized cross-
validation (GCV) approach, which privileges the predictive
capabilities of the model over unsampled input vectors rather than
data fitting [31]. In fact, from the minimization of the GCV score:

GCV ��� � n�1
Xn
i�1

��
1 � Aii���

1 � n�1trA���

�
2

fyi � f̂��i��xi�g2
�

(7)

the optimal value of the smoothing parameter can be obtained.
When applying STPS to a single data set, usually no additional

observations are available over which prediction capabilities of the
model may be assessed: this obstacle is moved around within the
GCV approach, by considering each of the assigned data as a
potential “new observation”; specifically, a response surface may be
derived from thewhole data set except one observation pair, and then
the surface’s predictive capability may be judged over the input
vector-point that has been omitted from the data when building the
model. Extending this procedure to all the input point-vectors, while
keeping fixed the value of the smoothing parameter, gives a global
measure of the model predictive efficiency. In particular, a cross-
validation score function may be defined which represents the target
function to be minimized to find the optimal value for �.

An example of pseudocode for STPS costruction is the following:
1) Acquire and store n-observed data xi (d-dimensional) and yi
8 i� 1; . . . ; n.

2) Calculate �md�r� based on the m-th derivative order and space
dimensionality d.

3) Calculate elements of matrix T.
4) Calculate the smoothing parameter � based on the GCV

criterion.
a) Calculate GCV using Eq. (7).

b) Minimize GCV iteratively using tentative pseudodata f̂ or use
Gu and Wahba [34] and Wood’s [35] decomposition methods.

5) Solve system of Eqs. (6) using Turk and O’Brien’s lower and
upper (LU) triangular matrices factorization [36].

6) Evaluate interpolating function.
A first significant portion of the computational effort involved in

calculating STPS is the cost required to build the matrix E. Such
matrix is entirely nonzero except along the diagonal (where i� j),
requiring the calculation of all interpoint distances within the set

including all xi-s. Such complexity can be evaluated in the order of
O�n2d�.

Another troublesome term is tr�A�, which would take O�nd2�
operations to evaluate directly, for each trial set of smoothing param-
eters. A simple grid search for iterative m smoothing parameters
using k grid points per parameter would require O�nd2km� floating
point operations. To allow practical use of models with multiple
tentative penalties, an efficient method proposed by Wood [35] can
be used for (O�d3� complexity). Turk andO’Brien’s LU factorization
to solve Eq. (6) requiresO�n3� computations by iterativemeans [36].
Thus, while solution of the systemmay appear to be the limiting step,
it needs only be as computationally expensive as constructing the
system. Finally evaluating resulting function at potentially many
points to extract the isosurface, calculate normals, or other derivative
quantities, etc., requires O�nd� evaluations.

IV. Curse of Dimensionality

When trying tomap a high-dimensional input variables’space into
an output space, a series of difficulties usually arise: specifically,
multivariate data is difficult to work with because of the relevant
number of observations that are necessary to get good estimates.
Furthermore, adding more features to the explanatory variables’
space increases their interdependency relationships and can also
cause an augmented noise, which may adversely affect prediction
reliability. This is usually referred to as the “curse of dimensionality”
[37].

Actually, statistical data fitting tools infer knowledge, or
information, from available samples. Obviously, the models built
through data fitting are only valid in the space regionwhere sampling
data is available. Whatever the model or class of models, general-
ization on data too much different from all available observations is
impossible.

Hence, one of the key issues in a successful development of a
model building technique is to have enough available data to properly
fill the domain or part of the domainwhere themodel is required to be
valid. It is apparent that, every other constraint being kept
unchanged, the number of observations should grow exponentially
with the input space dimensions (e.g., if 10 data points seems
reasonable for a smooth one-dimensional model, 100 will be
necessary for a two-dimensional model with the same smoothness,
1000 for a three-dimensional model, and so on). This exponential
increase is the first consequence of the curse of dimensionality. More
generally, the curse of dimensionality is the expression of all
phenomena that arisewith high-dimensional data, and that havemost
often undesirable consequences on the behavior and performance of
data fitting algorithms. Specifically, a nonparametric model building
approach may show dramatically deteriorated prediction perform-
ance, unless it is fit with a proper number of independent
observations.

In this work, the effectiveness of STPS as a model building
technique in a multivariate input data scenario will be assessed.
Specifically, an application of the method for determining the
aerodynamic polars of 2-D airfoils as functions of some geometric
parameters describing the shape of the airfoils and a further variable
defining the flow regime will be illustrated. It is now apparent that,
even keeping to a minimum the amount of geometric parameters to
be introduced into the model, a relevant number of data (either
experimental or numerical) on different airfoil shapes is needed to
properly fit the model and get a reliable analysis of the geometric
configuration’s effects on the aerodynamic performance. For this
reason, 2-D airfoils are suitable for such an application, since large
databases are available either in the open literature or by simulating
them by means of 2-D codes.

V. Airfoil Data Interpolation

A. Parameterization

To identify effective independent variables for geometric
parameterization, the following arguments have been introduced.
The basic idea is that lift, drag, and moment coefficients of a generic
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airfoil should be governed by some variables describing its area (or
volume, if one thinks of area per unit length) distribution in the chord
direction, besides its angle of attack and the flow regime at which it is
flown. Moreover, for nonsymmetrical airfoils, also the camber law is
an important factor to be taken into account.

Concerning the angle of attack, in this work it was regarded as a
parameter rather than an independent variable of the statistical
model: in other words, a series of different STPS models were built,
each of which refers to a peculiar airfoil attitude. In fact, in a typical
design problem, an estimation of aerodynamic coefficients at a fixed,
specific attitude is needed. Moreover, the resulting decrease of
explanatory variables of the statistical model allows reducing the
number of independent observations required to fit the model.

Two distinct databases, one including symmetrical and the other
nonsymmetrical airfoils, were built.

Starting from the nondimensional airfoil coordinates, each profile
was characterized with the corresponding nondimensional volume
(area per unit length) distribution, using a trapezoidal approximation,
as illustrated in Fig. 1. Given a series of points in the chordwise
direction, the area of the preceding trapezium was attributed to each
point: the whole airfoil was covered in the same way and finally the
nondimensional area distribution as a function of the dimensionless
chordwise coordinate was found. For nonsymmetrical airfoils, the
camber was also determined and plotted as a function of the dimen-
sionless chordwise coordinate. Being both the above-mentioned
distributions highly dependent on the curve resolution, i.e., on the
number and position of points chosen for their representation in the
chordwise direction, a fixed distribution of those points was selected
and kept constant for all the airfoils, both symmetric and non-
symmetric, in order for the obtained curves to be independent from
the selected discretization criterion. Specifically, the chordwise
discretization for the volume and camber curves was made up of 41
points with a cosine-type distribution.

Once all the airfoils were characterized with their ownvolume and
camber distributions, it was necessary to select a parameterization
approach in order for those distributions to be described with the
minimum number of effective parameters.

Regarding the volume curve, the selected approach was to
approximate it through a cubic spline, so a proper number and
distribution of the spline control pointswas searched for. It was found
that 8 knots in the chordwise direction, including the lower and upper
limits, were sufficient to reconstruct the typical volume curve shape
with the required accuracy: actually, the parameterization chosen
was capable of accurately covering all the analyzed airfoil shapes,
both symmetric and nonsymmetric. The selected control points’
distribution is reported in Table 1 and illustrated graphically in Fig. 2.
Since both the lower and upper bound coordinates in the y direction
are always constant and equal to 0, the number of effective volume
parameters is reduced to 6: they are the y coordinates of the central

spline knots, hereafter referred to as y1v, y2v, y3v, y4v, y5v, and y6v,
respectively, as illustrated in Fig. 2.

On the other hand, as far as the camber law is concerned, it was
decided not to describe the overall curve,with the aim of reducing the
total number of independent variables in the STPSmodel (and hence
the amount of observations required). Therefore, only the chordwise
location of maximum camber and the corresponding maximum
camber value were taken as the mean line parameters: they will be
indicated in the following with xmaxcamb and ymaxcamb,
respectively.

B. Calculation of Aerodynamic Performance

All the airfoils were simulated using the 2-D open source code
XFOIL,† an interactive program for the design and analysis of
subsonic isolated airfoils. The formulation of XFOIL combines the
speed and accuracy typical of high-order panel methods with a fully
coupled viscous/inviscid interaction. The inviscid formulation of
XFOIL is a simple linear-vorticity stream function panel method
where the equations are closed with an explicit Kutta condition.
Moreover, a Karman–Tsien compressibility correction is incorpo-
rated. As it is well known, the theoretical foundation of the Karman–
Tsien correction breaks down in supersonic flow [38]. As a result, the
code accuracy rapidly degrades as the transonic regime is entered. As
far as the viscous formulation is concerned, the boundary layers and
wake are described with a two-equation lagged dissipation integral
boundary layer formulation and an envelope en transition criterion.
The entire viscous solution (boundary layers and wake) is strongly
interacted with the incompressible potential flow via the surface
transpiration model, thus allowing proper calculation of limited
separation regions. The total velocity at each point on the airfoil
surface and wake, with contributions from the freestream, the airfoil
surface vorticity, and the equivalent viscous source distribution, is
obtained from the panel solution with the Karman–Tsien correction
added. This is incorporated into the viscous equations, yielding a
nonlinear elliptic system which is readily solved by a full-Newton
method. XFOIL was chosen for this application for its substantial
easiness of use and because it offers a good compromise between
execution rapidity and accuracy of results.

A total of 60 panels for the upper side and 60 for the lower side,
both with a cosine-type distribution, were used for the discretization
of each airfoil, as illustrated in Fig. 3. All the airfoils were simulated
at six different flow regimes, with simultaneously varying Reynolds
and Mach numbers, in order for both viscosity and compressibility
effects to be captured and included into the statistical model.
Variations of Reynolds and Mach numbers were achieved by acting
on the undisturbed flow speed only: therefore, increasing Reynolds
numbers corresponded to growingMach numbers as well, according
to a linear relationship between the two. It follows that the ratio
between the Reynolds and Mach number was kept fixed throughout
all the simulated flow regimes, so in the STPSmodel the independent
variable accounting for the flow regime could be either the Reynolds
or the Mach number indifferently, being the one left unspecified
immediately derivable from the ratio of the two. The complete list of
independent variables used to build up the statistical model is
reported in Table 2. However, not all of the nine independent
variables listed in Table 2 were included simultaneously in the STPS
model, since this would have meant an unaffordable number of
observations (i.e., of different airfoil geometries) to be introduced
into the database. For both symmetric and nonsymmetric profiles, a

Fig. 1 Determination of a generic airfoil area distribution.

Table 1 2-D airfoils volume spline control points’

distribution

Control point number 1 2 3 4
Chordwise coordinate 0.0 0.04 0.18 0.4
Control point number 5 6 7 8
Chordwise coordinate 0.57 0.8 0.95 1.0

†Data available online at http://web.mit.edu/drela/Public/web/xfoil/
[accessed Nov. 2010].

352 PONZA AND BENINI

http://web.mit.edu/drela/Public/web/xfoil/


reduction in the independent variables was carried out to bring back
the necessary number of variables to five, which was shown with
various in-depth tests to be sufficient for the polars of a generic airfoil
to be predicted by the statistical model with satisfactory accuracy.

As a consequence, a total of 65 different symmetric airfoils and 65
nonsymmetric airfoils were simulated. In fact, various tests
demonstrated that this was an adequate number of observations for a
STPS statistical model with at least five independent variables to be
reliable from the predictive point of view. Because of the six different
flow regimes at which each airfoil was tested, a total of 6 � �65�
65� � 780 XFOIL runs were needed to fill in the symmetrical and
nonsymmetrical airfoil database. Because of the Karman–Tsien
compressibility correction applicability range, only Mach numbers
up to 0.6 were simulated to keep the calculations far enough from the
transonic regime. The Reynolds per unit length (based on the airfoil

chord length) andMach number conditions at which the airfoils were
tested are summarized in Table 3.

Airfoil polars were calculated for a maximum range of angles of
attack between �16� and �16�: in fact, reliable results can be
obtained from XFOIL simulations only up to the stall onset.
Obviously, for airfoils stalling at a smaller angle of attack,
simulations did not reach convergence and therefore the polars’
extensionwas reduced. Awhole of 500 iterations were prescribed for
each point of the polar to reach solution convergence and transition
location was left free over both the pressure and suction side of the
profile.

With the simulations on all the airfoils completed, a number of
different look-up tables (distinct for symmetric and nonsymmetric
profiles), one for each value of the angle of attack, were filled in,
reporting simultaneously the values of the independent variables
(input variables of the statistical model) and the lift, drag, and
moment coefficients values at that attitude (responses of the
statistical model) for all the analyzed airfoils.

Fig. 2 Distribution of the control points over a typical volume curve.

Fig. 3 Distribution of panels used for the XFOIL simulation on a

generic airfoil.

Table 2 Independent variables for classification

of airfoils

Independent variable id Variable description

1 M (or Re)
2 y1v
3 y2v
4 y3v
5 y4v
6 y5v
7 y6v

8 (for nonsymmetric airfoils) xmaxcamb
9 (for nonsymmetric airfoils) ymaxcamb

Table 3 Flow regime conditions used in the XFOIL simulations

Flow regime
condition number

Mach number Reynolds number
per unit length

1 0.1 1,380,000
2 0.2 2,760,000
3 0.3 4,140,000
4 0.4 5,520,000
5 0.5 6,900,000
6 0.6 8,280,000

Fig. 4 Validation results of XFOIL on the symmetrical airfoil

NACA64-012: comparison with experimental data at incompressible

flow regime and at Reynolds number per unit length 3 � 106.
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C. Validation of the Flow Solver

Avalidation analysis of XFOILwas carried out: specifically, some
comparisons were performed of simulation results using XFOIL and
experimental data published in the literature [39] over a couple of
airfoils, one symmetrical and one nonsymmetrical, each of which
was tested at an incompressible flow regime and at two different
Reynolds number values.

The two profiles, namely the NACA64-012 and the NACA2412,
were discretized adopting the same criterion used for the databases’
construction, with a whole of 60 panels for the upper side and 60 for
the lower side, both with a cosine-type distribution. Moreover, a
whole of 500 iterations were prescribed for each point of the polar to
reach solution convergence and transition location was left free over
both the pressure and suction side of the airfoils.

The obtained validation results are illustrated in Figs. 4–7.
Regarding the lift curves, the agreement between XFOIL and the
wind tunnel data at both the considered flow conditions is very
satisfactory before stall onset for both symmetrical and nonsym-

metrical airfoils, with the slope of the linear portion of the curves and
the angle of zero lift being excellently reproduced. On the other hand,
the stall angle predicted by XFOIL is higher than the experimental
one. Actually, XFOIL stall model is quite simplified and fails in case
of massive flow separations: therefore, some mismatch may arise
with experimentally acquired values on the simulated airfoils. Avery
good match is also obtained when comparing the simulated and
experimental drag coefficients, with XFOIL predictions being
slightly underestimated only for the nonsymmetrical airfoil all along
the described polar and for both the analyzed flow regimes. Finally,
the pitching moment polars are satisfactory captured as a trend,
however, featuring some zones where discrepancy becomes signifi-
cant for both airfoils at each of the considered Reynolds number
values. In particular, somemajor disagreementswith experiments are
evidenced in the poststall region.

On the whole, it may be concluded that, despite some intrinsic
limitations, XFOIL is a sufficiently reliable tool for construction of
databases to be used for the statistical model determination.

Fig. 5 Validation results of XFOIL on the symmetrical airfoil
NACA64-012: comparison with experimental data at incompressible

flow regime and at Reynolds number per unit length 6 � 106.

Fig. 6 Validation results of XFOIL on the nonsymmetrical airfoil
NACA2412: comparison with experimental data at incompressible flow

regime and at Reynolds number per unit length 3:1 � 106.

354 PONZA AND BENINI



VI. Discussion of Results

The STPS models built for each value of the angle of attack were
used to predict the lift, drag, and moment polars of airfoils not
included into the database. The airfoils selected for validation were
characterized with their independent variables values, which were
then used, at prescribed flow regime and attitude, as new input points
where the response of the statistical model was queried. Finally, the
obtained polars were compared with those coming from XFOIL
simulations over the same profile.

In the following, obtained results are presented and discussed, for
both symmetrical and nonsymmetrical airfoils.

A. Symmetrical Airfoils

Validation of STPS model was carried out on three different
symmetrical airfoils with low, medium and moderately high
percentage thickness, respectively, namely the NACA64-009, the
NACA63A-015 and the NACA64-020.

Because of the symmetric aerodynamic behavior of symmetrical
airfoils, the validation work was limited to positive angles of attack
only, ranging from 0 to 16�. However, as already mentioned, for
airfoils stalling at a smaller angle of attack, simulations did not reach
convergence and therefore the polars’ extension was reduced.

On the whole, 17 � 3 different STPS models were built, one for
each of the aerodynamic coefficients and at each value of the angle of
attack; then, each of the models was fed with the independent
variables of the three selected airfoils and the corresponding response
was extracted.

A statistical significance study was carried out to identify themost
suitable combination of input variables to be introduced into the
statistical model to get a high correlation with the simulated polars.
Specifically, the Student parameter for each geometric variable was
calculated for lift, drag andmoment coefficient distributions over the
whole range of examined angles of attack, and a choice was made
according to its values. The results of the Student tests, that are
reported in Fig. 8, highlighted that the geometric parameters y2v, y3v,
y4v, and y5v have the highest statistical significance and therefore
they are likely to allow the best correlation on aerodynamic
coefficients over the analyzed airfoils. On the other hand, the Mach
(or Reynolds) number was not tested statistically, but it was rather
included directly into the independent variable set, because it defines
the flow regime condition and as such it has no correlation with the
geometrical variables.

As an example, some diagnostic plots of the statistical models for
CL, CD, and CM obtained for symmetrical airfoils at an angle of
attack equal to 3� as a function of the above-mentioned input

Fig. 7 Validation results of XFOIL on the nonsymmetrical airfoil
NACA2412: comparison with experimental data at incompressible flow

regime and at Reynolds number per unit length 8:9 � 106.
Fig. 8 t-statistics of the geometrical parameters for symmetrical

airfoils.
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variables are reported in Figs. 9–11, respectively. The correlation
coefficients for lift, drag and moment coefficients are

R2
CL � 0:923; R2

CD � 0:973; R2
CM � 0:837

and they represent a measure of how close the point cloud is to the
first quadrant bisector in the plots at the top left of Figs. 9–11,
depicting the values predicted by the statistical model vs the
simulated ones using XFOIL. Correlation on CM is the lowest of the
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Fig. 9 Diagnostic plots of the statistical model for CL of symmetrical airfoils at �� 3�.
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Fig. 10 Diagnostic plots of the statistical model for CD of symmetrical airfoils at �� 3�.
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three, due to fact that the moment coefficients of the database are
much sparser than the lift and drag ones. A normal distribution of
residuals around the null value is evidenced for each of the
aerodynamic coefficients by both the histograms at the bottom right
of Figs. 9–11 and the plots at the top right of the same figures,
representing the residual distribution as a function of the predicted
values. Finally, the plots at the bottom right of Figs. 9–11 illustrate
theGCV��� score behavior as a function of the equivalent degrees of
freedom of the model, which is directly correlated to the adopted
value of � ([9]). Actually, the minimum of GCV��� identifies the
effective value of the smoothing parameters used in the statistical
model.

For the sake of brevity, only validation results on NACA63A-015
at two different flow regimes, one at low and the other at moderately
high Mach and Reynolds numbers, are reported. The geometry and
volume distribution curve of this airfoil are depicted in Fig. 12, while
the values of the pertinent geometric explanatory variables are
reported in Table 4. Validation results are illustrated in Figs. 13 and
14, where the CL, CD, andCMpolars predictedwith STPS statistical
models are comparedwith those simulated usingXFOIL, for theflow
conditions referred to as numbers 1 and 5, respectively, in Table 3.
The dashed lines on the samefigures represent the range of variability
of the aerodynamic coefficients of all the airfoils included in the
database, for each analyzed Mach number and Reynolds (per unit
chord length) number conditions, so they, in a sense, delimit the
search space over which the statistical model operates to give its
responses.

Validation results show an excellent correlation of the statistically
predicted valueswithXFOIL simulations for all the analyzed airfoils.

Specifically, the lift coefficient curves are very well reconstructed,
with the curve slope being accurately captured; even the stall onset is
reproduced with a remarkable accuracy, while some major discrep-
ancies are evidenced in the poststall portion of the curves. To this
purpose, it is worth noting that the reliability of the stall prediction
compared with experimental values goes beyond the scope of this
work and therefore is not under discussion here; actually, we are only
interested in the statistical model ability to predict stall based on the
data included into the database. Those data were obtained using
XFOIL, in which the stall model fails in case of massive flow
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Fig. 11 Diagnostic plots of the statistical model for CM of symmetrical airfoils at �� 3�.

a)

b)
Fig. 12 NACA63A-015: a) geometry of the airfoil, and b) volume

distribution curve.
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separations, as already mentioned, and therefore some mismatch
may arise with experimentally acquired values on the simulated
airfoils. Despite this, the important thing here is that the STPSmodel
is capable of predicting the stall onset in a coherent way with the
available data.

The drag curves are very well reconstructed too, with both the
minimum drag values and the curve envelope at higher angles of
attack being satisfactory captured. Some discrepancy with the
XFOIL values is shown only for the NACA64-009 at the highest
angles of attack and for increasing Mach and Reynolds numbers.

Finally, the moment coefficient curves show an outstanding
correlation with simulated values, and this is much more surprising,
considering that moment curves included into the database are much
sparser than lift and drag ones.

Moreover, it is important to note that variations on the curves of all
coefficients with the flow regime are very well captured: specifically,
the increasing lift curve slope and the growing slope of the drag curve
(at the highest angles of attack) with growing Reynolds and Mach
numbers are excellently reproduced. The prediction accuracy tends
to slightly deteriorate at the flow regime with the highest value of
Mach and Reynolds numbers, due to the fact that much less
observations are available in the database at those conditions: in fact,
many analyzed airfoils (particularly thin ones) failed to reach
convergence with XFOIL simulations at increasing Reynolds and
Mach numbers and hence they had to be removed from the database.
As a consequence, at these flow regimes the set of acquired data is
statistically less significant for the STPS model to be constructed
with a high reliability.

Table 4 NACA63A-015: values of the explanatory

geometric variables

NACA63A-015

Variable name y1v y2v y3v y4v y5v y6v
Variable value 0.0008 0.0036 0.0057 0.005 0.0021 0.0003

Fig. 13 Validation results on NACA63A-015 airfoil: CL, CD, and CM

polars at low Mach and Reynolds (per unit chord length) number

conditions; STPS model compared with XFOIL simulations.

Fig. 14 Validation results on NACA63A-015 airfoil: CL, CD, and CM

polars at moderately high Mach and Reynolds (per unit chord length)

number conditions; STPS model compared with XFOIL simulations.
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Furthermore, the capability of the model to predict aerodynamic
performance at flow regimes not directly included into the database,
although encompassed by the analyzed conditions, was verified. To
this purpose, three intermediate Mach and Reynolds numbers
conditions were tested over the NACA63A-015 airfoil: the obtained
results are illustrated in Figs. 15 and 16, and once again the

correlation with simulations is excellent for all the aerodynamic
coefficients.

In Table 5 themean square error (MSE) of themodel fitting for lift,
drag, and moment coefficients at each of the examined flow regimes
is reported and compared with the maximum values the coefficients
exhibit over the analyzed incidence range according to XFOIL

Fig. 15 Validation results on NACA63A-015 airfoil: CL, CD, and CM
polars at a low Mach and Reynolds (per unit chord length) number

conditions not included into the database; STPS model compared with

XFOIL simulations.

Fig. 16 Validation results on NACA63A-015 airfoil: CL, CD, and CM

polars at a moderately high Mach and Reynolds (per unit chord length)
number conditions not included into the database; STPS model

compared with XFOIL simulations.

Table 5 MSE of the STPS model on aerodynamic coefficients NACA63A-015

NACA63A-015

M 0.1 0.15 0.5 0.55
CL MSE 0.01807 0.01714 0.03061 0.04519

Max value 1.123 1.1312 1.0497 0.9792
CD MSE 1:157E � 5 1:455E � 5 9:62E � 5 1:435E � 4

Max value 0.01982 0.01977 .0513 0.07052
CM MSE 8:554E � 5 9:542E � 5 3:936E � 4 5:585E � 4

Max value 0.0291 0.0305 0.0639 0.0747

PONZA AND BENINI 359



simulations: the MSE values are at least 2 orders of magnitude less
than the maximum value for all the tested coefficients and flight
regimes.

The validation results clearly demonstrated that the choice of
describing the airfoil geometry by means of the chordwise volume
(or area per unit length) distribution is suitable for the purpose of
constructing an accurate nonparametric statistical model for polars’
determination. Actually, the selected geometric variables for airfoil
description were proven to be appropriate for a complete characteri-
zation of the airfoil behavior at different angles of attack and flow
regimes. This was not so clear since the beginning of thework, due to
this choice being rather unusual for aerodynamic applications.

B. Nonsymmetrical Airfoils

Analogously to symmetrical airfoils, validation of STPSmodel on
nonsymmetrical profiles was carried out on three different airfoils
with low, medium and moderately high percentage thickness,
respectively, namely the NACA23009, the NACA3415, and the
NACA23120.

The range of angles of attack selected for validation was wider
than for symmetrical airfoils, with values of � spreading from �7 to
16�. Therefore, 24 � 3 different STPSmodelswere built, one for each
aerodynamic coefficient and at each value of the above-mentioned
angles of attack; then, the independent variables of the three selected
airfoils were used as input values for each of the statistical models,
and the corresponding response was extracted.

Also in this case, a statistical significance study was carried out to
identify the most suitable combination of input variables to be
introduced into the statistical model to get a high correlation with the
simulated polars. The Student parameter for each geometric variable
was calculated for lift, drag and moment coefficient distributions
over the whole range of examined angles of attack, and results are
reported in Fig. 17. As can be inferred from the figure, the geometric
parameters y2v, y3v, y4v, and xmaxcamb were shown to have the
largest significance and hence they were selected as independent
variables of the statistical model. Once again, to define the flow
conditions the airfoils were flown, the Mach (or Reynolds) number
was included directly into the independent variable set without
testing its significance.

Fig. 17 t-statistics of the geometrical parameters for nonsymmetrical
airfoils.
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Fig. 18 Diagnostic plots of the statistical model for CL of nonsymmetrical airfoils at �� 3�.
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As for symmetrical airfoils, some diagnostic plots of the statistical
models for CL, CD, andCMobtained at an angle of attack equal to 3�

as a function of the above-mentioned input variables are illustrated in
Figs. 18–20, respectively. The correlation coefficients are

R2
CL � 0:551; R2

CD � 0:789; R2
CM � 0:655

as usual, they represent a measure of the point cloud proximity to the
first quadrant bisector in the plots at the top left of Figs. 18–20, where
the values predicted by the statistical model are depicted vs the
observed ones coming from XFOIL simulations. The correlation
coefficients’ values are worse than for symmetrical airfoils,
especially for CL, while the CM cloud features a somewhat
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Fig. 19 Diagnostic plots of the statistical model for CD of nonsymmetrical airfoils at �� 3�.
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Fig. 20 Diagnostic plots of the statistical model for CM of nonsymmetrical airfoils at �� 3�.
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clusterized behavior,with thevarious groups of points corresponding
to the different airfoil families introduced into the database. Despite
this, the prediction of aerodynamic performance of all the airfoils
selected for validation is very satisfactory, as will be illustrated later
on. In fact, unlike parametric techniques, the smoothing thin plate
splines approach does not search for the statistical model with the
highest possible correlation coefficient: the reconstructed model
comes rather from a compromise between correlation and smooth-
ness of the response hypersurface, to avoid data overfitting. A normal
distribution of residuals around the null value is evidenced for each of
the aerodynamic coefficients by both the histograms at the bottom
right of Figs. 18–20 and the plots at the top right of the same figures,
representing the residual distribution as a function of the predicted
values. Once again, the plots at the bottom right of Figs. 18–20
illustrate the GCV��� score behavior as a function of the equivalent
degrees of freedom of the model, thus identifying the specific
smoothing parameter value to be used in the response surface.

Only results of validation on NACA23120 at two different flow
regimes, one at low and the other at moderately high Mach and

a)

b)

c)
Fig. 21 NACA23120: a) geometry of the airfoil, b) volume distribution,

and c) camber law.

Table 6 NACA23120: values of the explanatory

geometric variables

NACA23120

Variable name y1v y2v y3v y4v
Variable value 0.0014 0.0053 0.0074 0.0064
Variable name y5v y6v xmaxcamb ymaxcamb
Variable value 0.0029 0.0005 0.1198 0.0207

Table 7 MSE of the STPS model on aerodynamic

coefficients NACA23120

NACA23120

M 0.1 0.5
CL MSE 0.06032 0.03917

Max value 1.4764 1.5712
CD MSE 5:93E � 5 8:47E � 5

Max value 0.03073 .07614
CM MSE 4:65E � 4 4:45E � 4

Max value 0.0514 0.0839

Fig. 22 Validation results on NACA23120 airfoil: CL, CD, and CM

polars at low Mach and Reynolds (per unit chord length) number

conditions; STPS model compared with XFOIL simulations.
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Reynolds numbers, are reported. The geometry, volume distribution
and camber curves of the airfoil are illustrated in Fig. 21, while the
values of the pertinent geometric explanatory variables are reported
in Table 6. Validation results are depicted in Figs. 22 and 23, where
the response of the statistical model is compared with the lift, drag,
and moment polars simulated using XFOIL, for the flow conditions
referred to as numbers 1 and 5, respectively, in Table 3. Once again,
the dashed lines on the same figures represent the range of variability
of the aerodynamic coefficients of all the airfoils included in the
database, for each analyzed Mach number and Reynolds (per unit
chord length) number conditions.

Also for nonsymmetrical airfoils, an outstanding correlation of the
statistically predicted values with XFOIL simulations was obtained
for the selected profiles.

In particular, the lift coefficient curves are very well reproduced,
with both the curve slope and the angle of zero lift being accurately
captured: this means that the STPS model is capable, through the
selected independent variables, to correctly identify the peculiar
family to which the airfoil under analysis belongs among those

included into the database. Also in this case, the stall onset is
reproduced with outstanding accuracy for all the selected airfoils,
and even the poststall portion of the curves is very well correlated
with XFOIL simulations throughout all the tested flow regimes.

Also the drag curves are very well reconstructed, with both the
minimum drag coefficient (and the corresponding angle of attack of
minimum drag) and the curves’ divergence at higher angles of attack
being captured with outstanding accuracy.

Finally, the moment coefficient curves show an excellent
correlation with simulated values, and once again this is much more
surprising, considering that, as for symmetrical airfoils, moment
curves included into the database are much sparser than lift and drag
ones.Hence, this comes as a further confirmation of thevalidity of the
statistical model.

Once again, the effects of Reynolds andMach numbers variations
on the curves of all aerodynamic coefficients are very well captured;
specifically, the increasing lift curve slope, the anticipated stall onset
and the growing slope of the divergent portion of the drag curves (at
the highest angles of attack) with growing Reynolds and Mach
numbers are excellently reproduced. Unlike the symmetrical airfoil
case, the prediction accuracy does not seem to deteriorate at the
highest values of Mach and Reynolds numbers, despite less obser-
vations are available in the database at those conditions, due to many
of the analyzed airfoils (particularly thin ones) to fail convergence
with XFOIL simulations at increasing Reynolds andMach numbers.

Again, the MSE of the model fitting for lift, drag and moment
coefficients at each of the examined flow regimes is reported in
Table 7 and compared with the maximum values of the coefficients
coming fromXFOIL simulations over the analyzed incidence range:
similarly to the symmetric airfoil case, the MSE values are at least 2
orders of magnitude less than the corresponding maximum value for
all the tested coefficients and flight regimes.

Also in this case, the effectiveness of the selected explanatory
variable set for the statistical model was clearly demonstrated,
allowing for a complete characterization of the airfoils’ behavior at
different angles of attack and flow regimes.

VII. Conclusions

A method for multivariate fitting of both symmetric and non-
symmetric airfoils polars was successfully implemented, and is able
to account for simultaneous influence of five independent geometric
variables (chordwise distribution of area) on three responses (lift,
drag, and pitching moment coefficients). The method was based on
the implementation of multivariate smoothing thin plate splines,
which were built on a dataset containing airfoil performance, as
calculated from a validated 2-D flow solver. Results can be
summarized as follows:

1) Validation clearly demonstrated that the choice of describing
the airfoil geometry by means of the chordwise volume (or area per
unit length) distribution is suitable for the purpose of constructing an
accurate nonparametric statistical model for polars’ determination.

2) Symmetric airfoils: the lift coefficient curves, their slope and
stall onset angles are very well reconstructed, while some major
discrepancies are evidenced in the poststall portion of the curve (it is
worth recalling, however, that the scope of the work was not to
estimate the poststall behavior, a fact which depends merely on
accuracy of available data). The drag curves are very well
reconstructed too, with both the minimum drag values and the curve
envelope at higher angles of attack being satisfactorily captured.
Some discrepancy with the XFOIL values is shown only for the
NACA64-009 at the highest angles of attack and for increasingMach
and Reynolds numbers. Moment coefficient curves show an
outstanding correlation.

3) Nonsymmetric airfoils: also in this case, prediction of
aerodynamic performance of all the airfoils selected for validation is
very satisfactory. Lift coefficient curves are very well reproduced,
with both the curve slope and the angle of zero lift being accurately
captured; stall onset is reproduced with remarkable accuracy for all
the selected airfoils, and even the poststall portion of the curves is
very well correlated with XFOIL simulations throughout all the

Fig. 23 Validation results on NACA23120 airfoil: CL, CD, and CM

polars at moderately high Mach and Reynolds (per unit chord length)

number conditions; STPS model compared with XFOIL simulations.
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tested flow regimes. Also the drag curves are verywell reconstructed,
along with both the minimum drag coefficient and the curves’
divergence at higher angles of attack. Finally, moment coefficient
curves show an excellent correlation with simulated values. Effects
of Reynolds and Mach number variations on the curves of all
aerodynamic coefficients are very well captured; specifically, the
increasing lift curve slope, the anticipated stall onset, and
the growing slope of the divergent portion of the drag curves (at the
highest angles of attack) with growing Reynolds and Mach numbers
are excellently reproduced. Unlike the symmetrical airfoil case, the
prediction accuracy does not seem to deteriorate at the highest values
of Mach and Reynolds numbers.
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